Abstract. The purpose of this paper is to survey the structure of closed and transitive transformation groups acting on a closed surface. In particular, we prove a number of relations between groups acting on the sphere that contain the rotation group, together with a diagram of how these groups are connected. In addition, we describe transformation groups acting on the torus and higher genus surfaces.
Introduction and statement of results

History and definitions.
Let Homeo(M ) be the group of orientation preserving homeomorphisms of a closed orientable topological surface M , with M either the sphere S 2 , the torus T 2 , or a higher genus surface S of genus at least two. The uniform topology defined on Homeo(M ), or a subgroup of Homeo(M ), is the topology induced by the topological distance d C 0 between two homeomorphisms f, g ∈ Homeo(M ), defined by
with d(·, ·) the metric defined on M , which is the standard spherical metric inducing the Lebesgue measure in the case of the sphere S 2 . The topology on Homeo(M ) is defined to be the uniform topology. A subgroup G of Homeo(M ) is said to be closed if it is a closed subset of Homeo(M ) as a topological subspace in the uniform topology, and G is said to be transitive if for any two given p, q ∈ M , there exists a h ∈ G, such that h(p) = q. A closed transitive subgroup is said to be minimal, respectively maximal, if the group is minimal, respectively maximal, relative to inclusion of subgroups, with respect to the property of being a closed and transitive proper subgroup of Homeo(M ). Since each such surface admits the group of area-preserving homeomorphisms homotopic to the identity which is a closed and transitive maximal proper subgroup of the group of homeomorphisms homotopic to the identity of that surface, see Theorem A below, it follows that for every closed surface M , there exists at least one maximal closed and transitive subgroup other than the full group of homeomorphisms of M homotopic to the identity. The general problem presented is to classify the closed and transitive subgroups, modulo conjugation, of the homeomorphism group Homeo(M ) of a closed surface and find its maximal subgroups. This problem relates to the classification of Lie group actions on a closed surface, initiated by classical works of Lie [9] and further classified by Mostow [10] . Classifying closed and transitive subgroups of the homeomorphism group of a closed manifold is a particular problem in the study of general homeomorphism groups of manifolds, see [5] by Fisher.
Each proper subgroup G ⊂ Homeo(S 2 ) appearing in the diagram is a group satisfying (a combination of) symmetry conditions, with the symmetry conditions being (i) preserving circles (Möbius(S 2 )), (ii) preserving geodesics (Lin(S 2 )), (iii) preserving the antipodal action (Ant(S 2 )) and (iv) preserving area (Homeo λ (S 2 )). For example, the group Rot(S 2 ) preserves all these symmetries and the group Ant λ (S 2 ) is the group that satisfies both symmetries (iii) and (iv), but not (i) and (ii). An arrow G −→ H between two groups G, H in the diagram is defined to be complete if G is maximal in H, in the sense that any closed group G ⊂ K ⊆ H that has the property that all the symmetries that G has, but that H does not have, are not respected by K, then it holds that K = H. We prove the following set of implications in terms of the subgroups in the diagram.
Theorem A. Given the homogeneous transformation groups G ⊆ Homeo(S 2 ) in the diagram, each arrow marked with ⋆ is complete and conversely each arrow not present between two groups in the diagram, other than Rot(S 2 ) −→ Homeo(S 2 ), corresponds to an intersection of groups already present in the diagram.
A similar result in the setting of area-preserving homeomorphisms has been obtained recently by Le Roux in [8] . We state the following.
Problem B. Classify all homogeneous transformation groups and their relations.
Current work of the author includes a careful study of the properties of the isotopy subgroup of a homogeneous transformation group in Homeo(S 2 ), and further relations in the diagram.
Further, we remark the following. Call a closed and transitive group G ⊂ Homeo(M ), with M the sphere, torus, or higher genus surface, an exotic group if the group G does not contain a continuous arc of homeomorphisms. It is an interesting problem to determine whether there exist such exotic closed and transitive groups. In the remainder, we first discuss several results about Lie group actions on a surface. After this section, we proceed with the main result about the spherical groups, and close the paper with a list of groups in the case of the torus and higher genus surfaces.
1.3.
Lie group actions on a surface. Since Lie groups, both finite-dimensional and infinitedimensional, are particularly well understood, a correspondence between homeomorphism groups and Lie group actions is of interest, and we detail how the groups described in this paper can be given the interpretation of a Lie group, modulo passing to a finite degree regular cover of the surface on which the closed and transitive group is defined. In the case of the sphere, the group Ant(S 2 ) ⊂ Homeo(S 2 ) is the group of homeomorphisms acting on the projective plane RP 2 and so with the subgroups of Ant(S 2 ). The pointwise classification of Lie groups by Mostow has been used by Belliart in [1] to classify the finite-dimensional Lie group actions of a surface without fixed points, which are the following (1) spherical case: the orthogonal action SO(3, R), the complex-projective action PGL(2, C), and the real-projective action PGL(3, R), (2) torus case: the circle-action (x, y) → (x + α, y) mod Z 2 , (3) higher genus case: none.
The possible pointwise GL(2, R) actions of a mapping is described by the Lie subgroups of the Lie group GL(2, R), namely (i) the orthogonal group O(2, R) ⊂ GL(2, R), (ii) the special linear group SL(2, R) ⊂ GL(2, R), (iii) the Borel subgroup U(2, R) ⊂ GL(2, R) of upper triangular matrices.
On a given surface M , after passing to the C 0 -closure, these pointwise Lie group actions integrate globally to (i) the finite-dimensional group of conformal homeomorphisms, (ii) the infinitedimensional group of area-preserving homeomorphisms, and (iii) the infinite-dimensional group of homeomorphisms that fiber over the circle S 1 , in other words, the skew-product homeomorphisms of the form g(x, y) = (ϕ(x), ψ(x, y)).
The case of the sphere
Closed and transitive subgroups of the homeomorphism group of the sphere that do not arise as extensions of the rotation group are called inhomogenous groups. These groups are equivalently characterized as closed and transitive groups that do not contain a compact and transitive kernel group. It is a natural question whether or not there exist such inhomogeneous groups on the sphere. On the torus, the group of Hamiltonian homeomorphisms is an example of such a inhomogeneous group. The homogeneous groups by definition, and the known inhomogeneous groups on the sphere, torus, and higher genus surfaces, are known to contain isotopies. Our focus in this section will be to consider homogeneous groups.
2.1. Arrows in the finite-dimensional case. The purpose of this section is to prove completeness of the arrows marked with ⋆ in the diagram involving the finite-dimensional transformation groups. Geodesics on the sphere are great circles, where a circle on the sphere is the intersection of a Euclidean plane with the round sphere embedded in R 3 , and this circle is a great circle if the plane passes through the origin of the sphere. We use the notation whereby the north-pole and south-pole on the sphere is indicated by 0 and ∞ respectively. Further, given a point p ∈ S 2 , denote −p ∈ S 2 its antipodal point on the sphere.
2.1.1. The rotation group. The sphere S 2 can be defined as the set of points in R 3 with unit distance from the origin. The group SO(3, R) acts by rotations, and hence by isometries, on the sphere S 2 and we have that SO(3, R) ∼ = Rot(S 2 ). It is a classical result by Kerékjártó [7] , that a compact group G ⊂ Homeo(S 2 ) is topologically conjugate to a subgroup of Rot(S 2 ). Furthermore, since compact subgroups of SO(3, R) are classified into either (i) finite groups, (ii) SO(2, R), or (iii) SO(3, R), we have that, up to conjugation, Rot(S 2 ) is the unique compact transitive subgroup of Homeo(S 2 ) and thus Rot(S 2 ) is minimal as a compact and transitive subgroup of Homeo(S 2 ).
2.1.2.
The real-linear action. The real-projective plane RP 2 is defined as the sphere modulo the antipodal action p ∼ q if and only if p = −q. The group PGL(3, R) acts as the centralizer of GL(3, R) by the homothetic action. This action passes to the quotient RP 2 . The action of an element T ∈ GL(3, R) We have Lin(RP 2 ) ∼ = PGL(3, R) and Lin(RP 2 ) ⊂ Homeo(RP 2 ) the group of orientation-preserving collineations, or projective transformations of RP 2 .
Lemma 2.1. We have that Lin(S 2 ) ∩ Homeo λ (S 2 ) = Rot(S 2 ).
Proof. Let h be linear and area-preserving. Take two perpendicular geodesics, dividing the sphere into four equal quarters. These two perpendicular geodesics have to be sent to two perpendicular geodesics, since otherwise the area of these quarters is not preserved by h. Since this holds for each pair of perpendicular geodesics, this implies that h is conformal. Since a conformal and linear mapping is an isometry by Lemma 2.4 below, the proof is complete.
By the singular value decomposition of matrices, every element T ∈ GL(3, R) can be written as R 1 DR 2 , with R 1 , R 2 ∈ SO(3, R) and D ∈ GL(3, R) a diagonal matrix with eigenvalues λ 1 , λ 2 , λ 3 ∈ R + on the diagonal. Lemma 2.2. Given T ∈ PGL(3, R) and R 1 , R 2 ∈ SO(3, R), where R 1 , R 2 , T correspond to r 1 , r 2 , h ∈ Lin(S 2 ), with r 1 , r 2 ∈ Rot(S 2 ). Then R 1 T R 2 corresponds to r 1 hr 2 ∈ Lin(S 2 ).
Proof. The inclusion Rot(S 2 ) ⊂ Lin(S 2 ) is induced by the inclusion SO(3, R) ⊂ GL(3, R), which in turn induces the inclusion PSO(3, R) ⊂ PGL(3, R). Since the group homomorphism GL(3, R) → Lin(S 2 ), becomes an isomorphism after projectivizing GL(3, R) → PGL(3, R), the map T → h T in the quotient passes to a group isomorphism of PGL(3, R) → Lin(S 2 ), and elements of SO(3, R) = PSO(3, R) ⊂ PGL(3, R) correspond to rotations on the sphere, the claim follows.
Lemma 2.3. The group SO(3, R), A generated by SO(3, R) and a non-orthogonal A ∈ SL(3, R) equals SL(3, R).
Proof. Let T ∈ SO(3, R), A such that T / ∈ SO(3, R), which we may assume is in diagonal form, and denote λ i > 0, with i = 1, 2, 3 its eigenvalues. First, assume that λ 2 = 1 for T , so that λ 1 < 1 < λ 3 , where λ := λ 3 and λ −1 := λ 1 . Iterating T , one gets T n := T n for which λ n 1 → 0 and λ n 3 → ∞, and λ n 2 = 1 for all n ∈ N. For fixed n ∈ N, rotating T n along the axis defined by v 2 and taking compositions, one obtains T with largest eigenvalue t ∈ [1, λ n ] and smallest eigenvalue t −1 . Letting n → ∞, we thus obtain all possible combinations for λ 1 and λ 3 = λ −1
.
To produce a non-orthogonal element T for which λ 2 = 1, take T 0 with general eigenvalues, where λ 1 < 1 < λ 3 and λ 1 ≤ λ 2 ≤ λ 3 , rotate by a small amount along the axis defined by v 2 , and take the inverse of T 0 with the rotated version, so that the eigenvalue corresponding to the direction v 2 is one, but the new eigenvalues lying in the plane spanned by v 1 and v 3 are not both one. This produces the desired non-orthogonal element T with the properties as mentioned. To produce any T ∈ SL(3, R), take an element T 1 with eigenvalues (λ 1 , λ 2 , λ 3 ) = (λ 1 , 1, λ −1 1 ) and compose with T 2 with eigenvalues (1, λ 2 , λ
. Pre-and postcomposing T 1 T 2 with rotations, we obtain any T ∈ SL(3, R) as desired.
Proof of Proposition 2.1. Since the groups SL(3, R) and PGL(3, R) are group isomorphic, combining Lemma 2.2 with Lemma 2.3, the claim follows.
2.1.3.
The complex-linear action. The complex-linear action on the sphere, here identified as the complex plane C compactified with a point ∞, where, taking the centralizer of SL(2, C) by the homothetic action, one obtains the action PGL(2, C), the Möbius action, acting by homeomorphisms on the sphere. The group Möbius(S 2 ) is sharply 3-transitive on S 2 and consists precisely of the conformal homeomorphisms of S 2 .
Lemma 2.4 (Antipodal Möbius transformations). Antipodal Möbius transformations are rotations, that is, Möbius(S
Proof. Take h ∈ Ant(S 2 ). Pre-and post-composing with a rotations, we may assume that h(0) = 0, and thus also h(∞) = (∞). Consider the image γ = h(γ 1 ) where γ 1 is the horizontal great circle passing through 1 ∈ S 2 . As h ∈ Möbius(S 2 ) ∩ Ant(S 2 ), γ is again a great circle as it can not be contained in a single hemisphere. In particular, γ ∩ γ 1 has at least two intersection points. Taking a rotation r ∈ Stab Rot (0, ∞) rotating one of the points γ ∩ γ 1 back to 1 ∈ S 2 , the homeomorphism thus obtained fixes 0, 1, ∞. Since the only Möbius transformation fixing 0, 1, ∞ is the identity by sharp 3-transitivity of the Möbius group, the claim follows.
Lemma 2.5. For each g ∈ G, there exist r 1 , r 2 ∈ Rot(S 2 ) and h ∈ G 2 , such that g = r 1 hr 2 .
Proof. To prove the result, we claim that for every g ∈ Homeo(S 2 ), there exist a pair of antipodal points {p, −p} in S 2 with the property that g(−p) = −g(p). The pairs {p, −p} and {g(p), −g(p)} can be brought by rotations r 1 , r 2 ∈ Rot(S 2 ) back to {0, ∞} respectively, to prove the desired result. To prove the claim, suppose that g(−p) = −g(p) for all p ∈ S 2 . Define a line field on the sphere S 2 as follows. For each q ∈ S 2 , denote p := g −1 (q) and let γ q be the geodesic passing through q = g(p) and w = g(−p). The geodesic passing through q is unique and assigns a line element at q that depends continuously on the basepoint q since antipodal points {p, −p} are mapped by g to points whose distance is bounded away from 0 and π, for all p ∈ S 2 by continuity of g combined with the assumption that g does not send antipodal points to antipodal points. This line field is globally defined and everywhere continuous, which is impossible by the hairy ball theorem. Lemma 2.6. Area-preserving Möbius transformations are rotations, that is,
Proof. By Lemma 2.5, a homeomorphism h ∈ Möbius(S 2 ) is a composition h = r 1 gr 2 , with r 1 , r 2 ∈ Rot(S 2 ) and g ∈ G 2 . In this case g is a northpole-southpole action along latitudes post-composed with a rotation. Since h is area-preserving if and only if g is area-preserving, which is the case if and only if g is a pure rotation and has no proper northpole-southpole action, h itself is a composition of rotations, and thus a rotation as required.
The proof of Proposition 2.2 is a direct construction in line with the proof for the case of the linear group. Let G = Rot(S 2 ), g denote the group generated by the rotation group Rot(S 2 ) and any g ∈ Möbius(S 2 ) which is not an isometry. In the following lemma, denote H ⊂ S 2 the upper hemisphere defined as the connected component containing ∞ of S 2 \ γ, with γ ⊂ S 2 the horizontal geodesic relative to 0 and ∞.
Lemma 2.7. The group G ⊆ Möbius(S 2 ) contains a subgroup H ⊂ G of transformations leaving invariant the northern hemisphere H ⊂ S 2 , where H contains the subgroup Rot(H), h , where h ∈ Möbius(H) \ Rot(H).
Proof. Since Ant(S 2 )∩ Möbius(S 2 ) = Rot(S 2 ), adding g ∈ Möbius(S 2 ) which is not an isometry, g has the property that there exist points p ∈ S 2 such that h(−p) = −h(p) by Lemma 2.4. Take a rotation r ∈ Rot(S 2 ) around 0 and ∞ and conjugate r with g to obtain an elliptic transformation g 0 ∈ Möbius(S 2 ) which is not an isometry. As r acts along the leaves of the horizontal latitudes, and with g ∈ Möbius(S 2 ) sending circles to circles, there exists a horizontal latitude that g sends to a great circle in S 2 , and since the original horizontal latitudes foliates the sphere S 2 , and the image foliation under g consists of circles, there is a unique great circle in the image under g of the latitudinal foliation. Since r leaves each horizontal latitude invariant, the induced elliptic transformation g 0 ∈ Möbius(S 2 ) leaves invariant a unique great circle. Conjugating g 0 with a suitable rotation in Rot(S 2 ), we may assume that the invariant geodesic equals γ ⊂ S 2 . In that case, g 0 leaves invariant the upper hemisphere H containing ∞ and the induced action on γ by g 0 is not isometric. The subgroup Rot(S 2 ) of rotations leaving invariant γ, which is isomorphic to SO(2, R), acts isometrically on γ. Therefore, G contains a subgroup H ⊂ G acting on γ with the required properties.
Lemma 2.8. In the notation of the previous lemma, we have that H := Rot(H), h = Möbius(H), for any h ∈ Möbius(H) which is not an isometry.
Proof. Indeed, project the hemisphere H conformally on the unit disk D and denote again γ = ∂D. The full Möbius group Möbius(D) is isomorphic to PGL(2, R). In turn, the group PGL(2, R) is isomorphic to SL(2, R). The action PSO(2, R) identifies in this isomorphism with SO(2, R). Therefore, the statement reduces to the claim that SL(2, R) = SO(2, R), A for a non-orthogonal A ∈ SL(2, R), which follows as in the case of SL(3, R) readily from the singular value decomposition theorem.
Proof of Proposition 2.2. To produce the full group Möbius(S 2 ), we use Lemma 2.7 and the group Rot(S 2 ). First, an elliptic element is determined by an axis of rotation α and a rotation angle θ ∈ S 1 . The axis α is the unique hyperbolic geodesic in the three-dimensional round ball enclosed by the sphere S 2 passing through two given points p, q ∈ S 2 . Unless p and q are antipodal, in which case the corresponding elliptic element is contained in Rot(S 2 ), define γ to be the unique great circle passing through p and q. By Lemma 2.7, there exists g ∈ Möbius(S 2 ) leaving invariant γ and sending p and −p to p and q respectively. Conjugating the rotation r θ ∈ Rot(S 2 ) ⊂ Möbius(S 2 ) by g ∈ Möbius(S 2 ) produces the desired elliptic element. A hyperbolic element in Möbius(S 2 ) is determined uniquely by the translation axis passing through two different points p, q ∈ S 2 , the translation length and the rotation angle around the axis. Given a translation length T , by Lemma 2.8, there exists a hyperbolic transformation Möbius(D) with translation length T and whose translation axis is a geodesic passing through the origin of D. Taking the double of this transformation, we obtain a hyperbolic element in Möbius(S 2 ) with an axis whose endpoints are antipodal, which we may assume upon a rotation, to be ∞ and 0. Applying again Lemma 2.7, we can find g ∈ Möbius(S 2 ) sending 0, ∞ to p, q respectively. Conjugating the original hyperbolic element with antipodal fixed points with g, one obtains a hyperbolic transformation in Möbius(S 2 ) with the required axis and translation length. Precomposing this transformation with a rotation of angle θ ∈ S 1 around ∞ and 0, one obtains the required general hyperbolic (or loxodromic) element. Parabolic elements are constructed similarly by passing to the double and conjugating.
2.2. Arrows in the infinite-dimensional case. The purpose of this section is to prove completeness of the arrows marked with ⋆ in the diagram involving the infinite-dimensional transformation groups. This will show how, beyond the arrows in the finite-dimensional case, perturbing the symmetries of one group leads in a constructive way to generating a much larger group. Proposition 2.3. The area-preserving group Homeo λ (S 2 ) is maximal in Homeo(S 2 ).
A good arc or good curve η, γ ⊂ S 2 is an arc or curve that has zero Lebesgue measure and a good disk is a closed topological disk whose boundary curve is good curve. Since measure is additive over disjoint sets, a generic, in the Hausdorff topology, curve is a good curve, and similarly with arcs. Consequently, arbitrarily close to a disk D ⊂ S 2 , we can find a good disk with the same Lebesgue measure. To prove the result, use the Oxtoby-Ulam integration theorem [11] . An Oxtoby-Ulam measure is a finite Borel measure, that assigns zero measure to points and positive measure to sets with interior. By the Oxtoby-Ulam integration theorem, given two Oxtoby-Ulam measures µ 1 , µ 2 on S 2 with unit total mass, there exists a homeomorphism h ∈ Homeo(S 2 ) such that h * (µ 1 ) = µ 2 . In our setup, we use µ 1 = µ 2 = λ, where λ denotes the standard Lebesgue measure on the sphere. An alternative result by Oxtoby-Ulam, namely the Oxtoby-Ulam extension theorem, states that given a closed topological disk D and a homeomorphism of the boundary ∂D, there exists an Lebesgue measure preserving homeomorphism of the disk D onto itself with the prescribed boundary values.
An ǫ-grid Γ(ǫ) ⊂ S 2 on the sphere is defined the union of parallel meridians and parallel latitudes such that the complementary disks of the grid in the sphere are cells of diameter at most ǫ. Let G be a closed subgroup of Homeo(S 2 ) properly containing Homeo λ (S 2 ). The argument consists in showing that, given h ∈ Homeo(S 2 ), and given ǫ > 0, the warped image grid h(Γ(ǫ)) can be moved back to its original position using homeomorphisms in G. By a diagonal argument, we may assume that the homeomorphism we need to approximate is a homeomorphism that preserves Lebesgue null sets, for example by taking diffeomorphisms or piecewise linear homeomorphisms, which are dense in Homeo(S 2 ). In what follows, a homeomorphism h ∈ Homeo(S 2 ) is said to have trivial area gradient on a domain U ⊆ S 2 if there exists a constant c ∈ (0, ∞) such that meas(h(X)) = c meas(X), for each measurable X ⊂ U , and h is said to have non-trivial area gradient on U otherwise.
Lemma 2.9 (Elementary move).
For sufficiently small δ > 0, given a good disk D ⊂ S 2 of area at most δ, and given two good arcs η 1 , η 2 ⊂ D having the same two endpoints in the boundary of D, there exist g ∈ G such that g is the identity on S 2 \ D and g(η 1 ) = η 2 . Proof. Let γ 1 and γ 2 be the two simple closed curves of measure zero comprising the boundary of the closed topological disks D 1 and D 2 . By the Jordan curve theorem, the simple closed curves divides both S 2 \ γ 1 and S 2 \ γ 2 into precisely two connected components, and each point of γ 1 lies on the common boundary of each component, and similarly with γ 2 . Let m D denote the Lebesgue measure of both D 1 and D 2 , which are equal in measure, and let m S denote the Lebesgue measure of S 2 \ D 1 and S 2 \ D 2 , also equal in measure. Construct the Oxtoby-Ulam measure µ 1 defined as twice the Lebesgue measure 2λ on S 2 \ D 1 and the Lebesgue measure on D 1 , normalized so that the entire sphere has unit area. Similarly, define the measure µ 2 in the exact same manner but now on S 2 \D 2 and D 2 . By the Oxtoby-Ulam integration theorem, there exists a homeomorphism h ∈ Homeo(S 2 ) that integrates the measure µ 1 to µ 2 . In particular, due to the separation property of the simple closed curves that bound the disk, and the distinct weight given to the inside of the disk and the outside, combined with h integrating µ 1 to µ 2 , it follows that h(D 1 ) = D 2 . Furthermore, combining that h integrates µ 1 to µ 2 with the preservation of the weights by construction of the mapping, h preserves the Lebesgue measure on a full measure set of S 2 and therefore h ∈ Homeo λ (S 2 ), as required. Define the closed topological disks D 2 with boundary η 1 ∪ β 2 andD 2 with boundary η 2 ∪ β 2 analogously. By the extension theorem, we can find an area-preserving homeomorphism h 1 of D 1 ontoD 1 such that h 1 extends as the identity on the boundary arc β 1 and extends as an arbitrary homeomorphism on the boundary arc η 1 . Similarly, we can find an area-preserving homeomorphism h 2 sending D 2 onD 2 with the property that h 2 extends as the identity on β 2 and as the same homeomorphism on η 1 used to define h 1 Since the homeomorphisms h 1 and h 2 glue together as an area-preserving homeomorphism h : D → D which is the identity on the boundary ∂D, defining h to be the identity on the exterior of D in the sphere S 2 , h extends to an area-preserving homeomorphism in Homeo λ (S 2 ) with the properties as claimed.
Lemma 2.12. Given a good disk D and good disks
Proof. First, applying the same argument as in Lemma 2.10, we can find a homeomorphism g ∈ Homeo λ (S 2 ) with the property that g(D) = D and g(D i ) =D i with i = 1, 2. Furthermore, we can choose a good thin annulus A ⊂ D, with boundary curves β 1 and β 2 such that the outer boundary curve β 2 of A coincides with the boundary curve of D, and such that g fixes the annulus. Now, applying the extension theorem, we can find an area-preseving homeomorphism h 0 : A → A, such that h 0 extends the boundary values of h on the inner boundary curve γ 1 induced by h and extends as the identity of the outer boundary curve γ 2 . Now define h ∈ Homeo λ (S 2 ) that equals g on D \ A, and equals h 0 on A and equals the identity on the rest of the sphere, we obtain the desired homeomorphism, as required.
Lemma 2.13. Given δ > 0, there exists a good disk D ⊂ S 2 of area less than δ, and there exists h ∈ G with support contained in D with non-trivial area gradient.
Proof. Indeed, take a good disk D 0 , there exists g ∈ G, such that the area gradient of g on D 0 has non-trivial area gradient. If not, using the rotation group Rot(S 2 ) and covering the sphere by copies of D 0 , this would imply that each homeomorphism in G preserves area, as on each copy the area is multiplied by a constant factor, with the area multiplier being constant on overlaps, this multiplier has to be constant on the entire sphere and therefore to equal 1. In particular, we can find two disks D 1 , D 2 ⊂ D 0 of equal area such that the image disks have unequal area. Applying Lemma 2.12 to construct an h 0 ∈ Homeo λ (S 2 ) supported on D 0 that interchanges the disks D 1 and D 2 , taking the homeomorphism h ∈ G, defined by gh 0 g −1 supported on D := h(D 0 ), which we may assume is a good disk as well, yields the desired homeomorphism. Since D can be made as small as desired, the claim follows.
Proof of Lemma 2.9. Let D ⊂ S 2 be a good disk of area δ and let η 1 , η 2 be two good arcs. By Lemma 2.11, it suffices to move area from one subdisk of D \ η 1 to another, by homeomorphisms supported on D, as the arc η 2 can be uniformized into the desired shape given the area balance. In order to move area from one subdisk to the other, first, by Lemma 2.13, given D, there exists h ∈ G supported on D with non-trivial area gradient. In particular, we can find two good disks To produce a definite area increase, say from D 1 to D 2 , first apply h and consider the area balance. Either the area of h(D 2 ) is larger than the area of D 2 , or else after uniformizing the arc h(η 1 ) by a homeomorphism g supported on D using Lemma 2.11, which we may assume is a good arc, the arc is contained in D 1 . In this case, the inverse of gh creates a mass transport of D 1 into D 2 . To make this area increase definite, if necessary, first again Lemma 2.11 supported on D such that η 1 is sent to an arc η 0 , which is a modified version of η 1 . Namely, cut two small segments out of η 1 , cut out one small segment out of the boundary of both B 1 and B 2 , and attach in both cases a thin tube between the segment taken from η 1 and the boundary of the disk, to obtain a modified curve η 0 . Choosing the tubes succintly, the area of either component of D \ η 0 equals the area of D 1 and D 2 respectively, and there exists g ∈ Homeo λ (S 2 ) with support on D, such that g(η 1 ) = η 0 . The composition gh will now transport area in a definite way from D 1 to D 2 , as required. To conclude the proof, note that this construction produces a definite amount of area transport on the one hand, but also, by choosing the perturbations smaller than the size of D if necessary, the construction produces sufficiently small area transport, to produce any image arc, as required.
Proof of Proposition 2.3. Since every orientation preserving homeomorphism of the sphere is isotopic to the identity, first using a finite number of locally supported homeomorphisms from Homeo λ (S 2 ) moving the vertices of the warped grid h(Γ(ǫ)), with h the homeomorphism that needs to be approximated, back into their original position, then use finitely many elementary moves constructed in Lemma 2.9 to move back all the arcs of the still warped grid back to the original grid Γ(ǫ).
Next, we prove the following.
Proposition 2.4. The arrow Ant λ (S 2 ) −→ Homeo(S 2 ) is complete, that is, a closed group G extending Ant λ (S 2 ) containing homeomorphisms not preserving the antipodal action and not preserving area, equals Homeo(S 2 ).
The difference with the case Homeo λ (S 2 ) −→ Homeo(S 2 ) is that now the small perturbation domains have to be constructed with the more restricted group Ant λ (S 2 ), rather than Homeo λ (S 2 ). Let Ant λ (S 2 ) ⊂ G ⊆ Homeo(S 2 ), where G is not contained in either Homeo λ (S 2 ) or Ant(S 2 ). Take a homeomorphism h ∈ Homeo(S 2 ), which we may again assume preserves Lebesgue null sets, and choose ǫ > 0. By a finite composition of elementary moves in G, we move the warped grid h(Γ(ǫ)) back to the original grid Γ(ǫ), for each ǫ, as before. The idea of the proof is that, we can construct perturbations supported on two small disks, both contained in one fundamental domain of RP 2 of the sphere. One disk acts as a good perturbation disk and the other disk acts as a trashcan disk supporting the bad perturbation. Lemma 2.15. There exists h ∈ G with h(∞) = ∞, h(0) = 0 and such that for all sufficiently small neighborhoods U 0 , U ∞ ⊂ S 2 of 0, ∞ respectively, we have that V 0 := h(U 0 ) and V ∞ := h(U ∞ ) do not contain antipodal points and the area gradient on at least one of U 0 or U ∞ is non-trivial. Proof. Suppose not, then for each g ∈ G and for each pair {p, −p} ∈ S 2 mapped to q 1 and q 2 = −q 1 , there exist neighborhoods U p and U −p such that the Lebesgue measure of each measurable set in each of these disks is multiplied by a constant depending only on the basepoint p and −p. Passing to smaller U p and U −p if necessary, we may assume that V p ∩ V −p = ∅, with V p := g(U p ) and V −p := g(U −p ). Then the same conclusion must hold if q 1 and q 2 = −q 1 are antipodal. Indeed, if there would exist h ∈ G and points p, −p sent to q, −q for which for arbitrarily small neighborhoods U p and U −p of p and −p, small disks of equal area are sent to disks of differing area in the image V p and V −p , then the composition hg has the property of having non-trivial area gradient on a small neighborhood nested around the antipodal points whose images W p = hg(U p ) and W −p = hg(U −p ) under hg are by construction not antipodal in the sense that −W p ∩ W −p = ∅. Now, take any g ∈ G and consider the function that to p ∈ S 2 assigns the multiplier of the areas, which by the argument above exists for each p ∈ S 2 . Since this function, by its construction, is constant on each small enough open neighborhood that exists for each point, and since finitely many of these neighborhoods cover the sphere by compactness, observing that the function has to be constant on overlaps, it has to be constant on the entire sphere, and thus equal to 1. Thus g ∈ Homeo λ (S 2 ) and thus G ⊆ Homeo λ (S 2 ), a contradiction.
Lemma 2.14 (Elementary move
Proof of Lemma 2.14. By Lemma 2.15, there exists h ∈ G with the properties that h(∞) = ∞ and h(0) = q = 0 and arbitrarily small neighborhoods U 0 and U ∞ containing 0 and ∞ respectively, so that the images V 0 and V ∞ under h are disjoint, contained in one fundamental domain and h distorts the area of V 0 non-trivially. Using elements of Ant λ (S 2 ) that have support on U 0 and U ∞ , using that the area-distortion on V 0 is non-trivial and using the argument in the proof of Lemma 2.9, then conjugating by elements of Ant λ (S 2 ) to send the neighborhoods V 0 and V ∞ to arbitrary domains in the same fundamental domain of the sphere S 2 , one constructs homeomorphisms in G that have support contained in domains with small area, and that preserve a good disk D 1 in one of these domains that can send one arc η 1 ⊂ D 1 to another arc η 2 ⊂ D 2 with the same endpoints.
Proof of Proposition 2.4. Using the elementary move of Lemma 2.14, we can make perturbations supported on two disks, one as small as desired compared to the other. Namely, by decomposing a homeomorphism on a larger disk into finitely many homeomorphisms supported on smaller disks, fixing the trash can disk throughout, this can be constructed. Using the elementary moves, and applying a diagonal argument due to the arbitrarily small trashcan error, one moves the edges of the distorted grid h(Γ(ǫ)) back into their original position, as in the previous case, to obtain Γ(ǫ), for each ǫ > 0, as required.
Finally, we discuss several arrows to do with antipodal action groups. Proof. This follows since these groups pass to the quotient to closed groups Homeo λ (RP 2 ) and Homeo(RP 2 ) of the closed surface RP 2 , where the same argument as the proof of Proposition 2.3.
Furthermore, the proof of Proposition 2.4 yields a proof of the following. Proposition 2.6. The arrow Ant(S 2 ) −→ Homeo(S 2 ) is complete, that is, the group Ant(S 2 ) is maximal in Homeo(S 2 ).
Proof. Since Ant λ (S 2 ) is contained in Ant(S 2 ), the result follows from Proposition 2.4. is proved in Proposition 2.1 and Proposition 2.2. where maximality of Ant(S 2 ) in Homeo(S 2 ) follows from Proposition 2.6. Completeness of the arrows
is proved in Proposition 2.3, Proposition 2.4, and Proposition 2.5, respectively. The following set of intersections are all trivial, in the sense that their intersection equals the rotation group Rot(S 2 ). These are
and
Indeed, these claims follow from combining Lemma 2.4, stating that Ant(S 2 ) ∩ Möbius(S 2 ) = Rot(S 2 ), with the inclusions Lin(S 2 ) ⊂ Ant(S 2 ) and Ant λ (S 2 ) ⊂ Ant(S 2 ), with Lemma 2.1 stating that Lin(S 2 ) ∩ Homeo λ (S 2 ) = Rot(S 2 ), with the inclusion Ant λ (S 2 ) ⊂ Homeo λ (S 2 ), and that Möbius(S 2 ) ∩ Homeo λ (S 2 ) = Rot(S 2 ) was proved in Lemma 2.6. This completes the proof of Theorem A.
The case of higher genus surfaces
In this final section we list transformation groups on higher genus surfaces where the topology of the surface obstructs the finite-dimensional actions of the sphere, but allows for mapping class groups to act non-trivially.
3.1. Homeomorphism groups of the torus. Denoting Homeo(T 2 ) the full group of torus homeomorphisms, with T 2 the torus equipped with the Euclidean metric, in a way similar to the case of the sphere S 2 , a group G ⊂ Homeo(T 2 ) is said to be homogeneous if G contains the translation group Trans(T 2 ). In terms of the above described Lie groups, let us now consider the subgroups of the homeomorphism group of the torus T 2 . Denote Homeo Id (T 2 ) ⊂ Homeo(T 2 ) the subgroup of homeomorphisms homotopic to the identity on the torus.
3.1.1. Holomorphic mappings. The group of holomorphic mappings of T 2 , or alternatively the group of isometries of T 2 , equals the translation group Trans(T 2 ), analogous to the rotation group Rot(S 2 ) of the sphere S 2 . This group is minimal in Homeo(T 2 ) as a closed and transitive group.
3.1.2. Invariant foliations. Consider a group G ⊂ Homeo(T 2 ) that preserves a foliation of essential simple closed curves in the torus T 2 , which after conjugation we may suppose to be the foliation homeomorphic to the horizontal foliation. In this case, G is conjugate to the group Skew(T 2 ) of skew-product homeomorphisms of the form g(x, y) = (ϕ(x), ψ(x, y)), with ϕ : S 1 → S 1 and ψ : T 2 → S 1 , where the genuinely horizontal foliation is preserved. In case G leaves invariant two transverse foliations by essential simple closed curves, then G is conjugate to the group Prod(T 2 ) of product homeomorphisms of the form g(x, y) = (ϕ(x), ψ(y)). In case, the group G leaves invariant three pairwise transversal foliations, each of which is a foliation by essential simple closed curves, is conjugate to the translation group Trans(T 2 ).
3.1.3. Area-preserving homeomorphisms. The group Homeo λ,Id (T 2 ) ⊂ Homeo Id (T 2 ) of areapreserving homeomorphisms homotopic to the identity, is a closed and transitive subgroup of Homeo Id (T 2 ) and is a maximal subgroup of Homeo Id (T 2 ), as it is maximal in the case of the sphere by Theorem A.
3.1.4. Mapping class group. Denote H ⊂ MCG(T 2 ) a proper subgroup of the mapping class group. Define Homeo H (T 2 ) ⊂ Homeo(T 2 ) the subgroup of homeomorphisms whose homotopy classes lie in the subgroup H ⊂ MCG(T 2 ) ∼ = SL(2, Z) that represents MCG(T 2 ) by areapreserving homeomorphisms. Each such group Homeo H (T 2 ) is a proper closed and transitive subgroup of Homeo(T 2 ) due to global topological obstructions.
3.1.5. Finite degree covers. Define Homeo n,m (T 2 ) ⊂ Homeo(T 2 ) the subgroup of homeomorphisms commuting with a finite degree (n, m) regular covering action of the torus, defined as follows. Given a homeomorphism h ∈ Homeo(T 2 ), with T 2 = R 2 /Z 2 , it naturally induces a homeomorphism h n,m on the torus T 2 n,m := R 2 /(nZ × mZ), which itself is homeomorphic to T 2 . Each closed and transitive subgroup of Homeo(T 2 ) of homeomorphisms that commute with respect to each such non-trivial pair (n, m) = (1, 1) defines a proper closed and transitive subgroup of Homeo(T 2 ). Concrete examples are the product groups with Homeo k (S 1 ) the closed and transitive group of circle homeomorphisms commuting with rotations of finite order k ∈ N.
3.2. Homeomorphism groups of higher genus surfaces. In the case of the homeomorphism group Homeo(S) of a genus at least two, several interesting closed transitive subgroups arise, in particular those arising as subgroups of the mapping class group and regular finite degree covering actions. There is a moduli space of hyperbolic metrics on a given topological surface of genus at least two. A hyperbolic metric can be chosen on a surface of genus at least two, a different choice of hyperbolic metric gives rise to conjugate homeomorphism groups. Furthermore, unlike the sphere and torus, a closed surface S of genus at least two admits only a finite group of isometries, and consequently this group is not transitive.
3.2.1. Area-preserving mappings. The group Homeo λ (S) of area-preserving homeomorphisms, with the subgroup of all area-preserving homeomorphisms isotopic to the identity being a maximal subgroup of the group Homeo Id (S) of homeomorphisms of S isotopic to the identity, and where every homotopy class of a homeomorphism admits an area-preserving representative creating the full group Homeo λ (S) of area-preserving homeomorphisms.
3.2.2. Mapping class groups. Similar to the torus case, denote H ⊂ MCG(S) a subgroup of the full mapping class group MCG(S) of a closed surface, see [2] for a good exposition. Write Homeo H (S) ⊂ Homeo(S) the subgroup of homeomorphisms whose homotopy classes lie in the subgroup H ⊂ MCG(S). The group Homeo H (S) ⊂ Homeo(S) is a closed and transitive group [5] that is a proper subgroup of Homeo(S) due to global topological obstructions. First, by a famous result of Kerckhoff [6] (the Nielsen realization problem), every finite subgroup of MCG(S) is realized by a finite group of conformal homeomorphisms of the surface relative to some hyperbolic metric on S, which by Teichmüller theory is not unique, and hence the group Fin(S) ⊂ MCG(S) of all finite order isotopy classes is induced by conformal homeomorphisms. For example one can take Fin(S) and add a single Dehn-twist to generate a larger group. Or one can take the Torelli subgroup Torelli(S) ⊂ MCG(S) of isotopy classes acting trivially on homology and a single non-Torelli element, to produce larger subgroups. The question is to map the internal structure of the mapping class group by finding all possible relations between subgroups and showing completeness of these arrows.
3.2.3. Finite degree covers. Given closed surfaces S 1 and S 2 of higher genus, consider a regular finite degree covering mapping π : S 1 → S 2 projecting the surface S 2 of genus g 2 onto another closed surface S 1 of genus 2 ≤ g 1 ≤ g 2 . Given a closed and transitive group G 1 ⊆ Homeo(S 1 ), it lifts to its regular covering space to a group of homeomorphisms G 2 ⊂ Homeo(S 2 ) that is also closed and transitive, and furthermore, it is a proper subgroup of Homeo(S 2 ). Therefore, given the collection of all such regular covering mappings from a given surface S to its quotient surfaces, combined with the closed and transitive subgroups of the homeomorphism group defined on these quotient surfaces, gives rise in a natural way to a list of closed and transitive proper subgroups of the homeomorphism group of the given surface S.
